HARMONIC MAPS INTO THE EXCEPTIONAL SYMMETRIC SPACE 

G 2 /SO(4) 



MARTIN SVENSSON AND JOHN C. WOOD 

Abstract. We show that a harmonic map from a Riemann surface into the exceptional sym- 
metric space G2/SO(4) has a J2-holomorphic twistor lift into one of the three flag manifolds 
of G2 if and only if it is 'nilconformal', i.e., has nilpotent derivative. The class of nilconformal 
maps includes those of finite uniton number studied by N. Correia and R. Pacheco, however 
we exhibit examples which are not of finite uniton number. Then we find relationships with 
almost complex maps from a surface into the 6-sphere; this enables us to construct examples of 
nilconformal harmonic maps into G2/SO(4) which are not of finite uniton number, and which 
have lifts into any of the three twistor spaces. 



1. Introduction 

Harmonic maps are smooth maps between Riemarmian manifolds which extremize the Dirichlet 
energy integral (see, for example, |12|). Harmonic maps from surfaces into symmetric spaces are 
of particular interest both to geometers, as they include minimal surfaces, and to theoretical 
physicists, as they constitute the non-linear a-model of particle physics. Twistor methods for 
finding such harmonic maps have been around for some time: a general theory was given by F. E. 
Burstall and J. H. Rawnsley [5], see also The idea is to find a twistor fibration (for harmonic 
maps): this is a fibration Z — > N from an almost complex manifold Z, called a twistor space, to 
a Riemannian manifold N, with the property that (almost-)holomorphic maps from (Riemann) 
surfaces to Z project to harmonic maps into N. For a symmetric space N = G/H, the theory of [6] 
provides twistor spaces which are (generalized) flag manifolds of G precisely when N is inner, i.e., 
G and H have the same rank; those twistor spaces come equipped with canonical non-integrable 
complex structures J2 and canonical fibration to N . 

The exceptional symmetric space G2/SO(4) has precisely three twistor spaces T s (s = 1,2,3) 
which are flag manifolds of G2, see 32.31 

Throughout this paper, by surface we shall mean a Riemann surface, i.e., a connected (not 
necessarily compact) one-dimensional complex manifold. A harmonic map from a surface is called 
nilconformal if its derivative is nilpotent, see Definition 13.21 below. Our main result is as follows: 



Theorem 1.1. A harmonic map from a surface to G2/SO(4) has a twistor lift into one of the 
three twistor spaces T s if and only if it is nilconformal. 

This was previously known only for harmonic maps from the 2-sphere [6] ; these are all of finite 
unition number [27] . The class of nilconformal harmonic maps includes those of finite uniton 
number, but is strictly bigger, see Example 15.111 In [10], N. Correia and R. Pacheco studied 
harmonic maps of finite uniton number into G2 and G2/SO(4); the two approaches agree in the 
case of maps with superhorizontal twistor lift, see §4.51 

The method is as follows. In [26], the authors showed that a harmonic map from a surface to 
a compact classical inner symmetric space has a twistor lift if and only if it is nilconformal — 
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this was previously only known for the complex Grassmannian 5 . As in [27] , the derivative of a 
harmonic map tp : M G from a surface to a Lie group defines an endomorphism Af of a trivial 
complex bundle over M; nilconformality means that this endomorphism is nilpotent. The lifts 
are constructed from this endomorphism, though except in simple cases, there is some degree of 
choice. 

The exceptional symmetric space G2/SO(4) is the space of all associative 3-dimensional sub- 
spaces in M. 7 , so that we can embed G2/SO(4) in the real Grassmannian G3(M 7 ) and thence in 
U(7). Then we have the endomorphism of the trivial C 7 -bundle over M, which we use to 
construct our lifts. This time, our lifts are canonical and we have totally explicit formulae for 
them. By realizing the twistor spaces as flags satisfying a G2-condition, we interpret our work in 
terms of the constructions in [35] in H4.4I 

The authors thank Fran Burstall for several illuminating conversations. 



2.1. The Octonions and the action of G2. Let EI = K 4 denote the quaternions and ImH = 
M 3 the space of imaginary quaternions, both with their canonical orientations. The algebra of 
octonions O, or Cayley numbers, [171 p. 113 ff\ is an alternative real division algebra of dimension 
8 given by © = H ffi H ■ e for some unit octonion e. Note that O and its imaginary part ImO = 
ImH © H • e acquire a canonical orientation from those of H and ImH. 

The octonion multiplication ■ on © = R 8 induces a vector product x on ImO = R 7 by V X w = 
the imaginary part of v ■ w. On the other hand, the real part of v ■ w gives a positive definite inner 
product (■, •) on ImO; we extend both of these by complex bilinearity to ImO ® C = C 7 . The 
Hermitian inner product of v,w G ImO £§> C is given by (v,w); here, if w — a + bi a, b €E ImO, w 
denotes its complex conjugate a — bi. If (v,w) — 0, we call v and w orthogonal, written v J- w. 

The vector product is clearly bilinear and enjoys the following properties for u, v, w € ImO® C 



A 3-dimensional subspace £ C ImO is said to be associative if it is the imaginary part of a 
subalgebra isomorphic to the quaternions. It acquires a canonical orientation from that of the 
quaternions. In the sequel, we write Lj to mean Lj . 

Lemma 2.1. Let £ be a 3-dimensional subspace of ImO. 

(a) The following are equivalent: 

(i) £ is associative; 

(ii) £ is closed under the vector product 

(hi) £ has an orthonormal basis {e\, e2,e^\ with e\ x — e^ ; 

(iv) has a basis {Li, Lq, L\} with Lq = Lq and L% X L% = iLq ; 

(v) £ ® C has a basis {Li, Lq, L\} with Lq = Lq and Lq x L\ = \L\ . 

(b) The canonical orientation of an associative subspace £ is that given by {ei,e2,ei x 62} for 
any linearly independent elements e\,ei of £. Then (hi) holds for any oriented orthonormal basis 
{ei}, and (iv) and (v) hold for Lq = e\, L\ = (l/v / 2)(e2 — ies). 

Proof, (a) Clearly (i) implies (ii) and (hi). Conversely, given (hi), applying (|2.2p . we obtain 
£2 x 63 = ei and x e\ — C2 so that e\ i— > i, ei j defines an isomorphism with the imaginary 
quaternions, i.e., (i) holds; this also establishes part (b). 

That (hi), (iv) and (v) are equivalent is seen by putting Lq — e\, L\ — (lj\[T){e% — ie^) and 



2. PRELIMINARIES 



(2.1) 
(2.2) 



(u, V X w) 
u x (v x w) + (u x v) x w 



(u x v,w), 

2{u, w)v — (u, v)w — (v, w)u . 



using (|2~2|) . 

(b) This is clear. 



□ 



The group G2 is the automorphism group of O; it stabilizes 1, and since the scalar product is the 
real part of •, it acts by isometries on ImO. Since it also preserves the vector product, it preserves 
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orientation so that G 2 C SO(ImO) = SO (7). The induced action of G 2 on the Grassmannian of 
associative 3-dimensional subspaces in ImO = R 7 is transitive [17j p. 114], and the stabilizer of 
£ = ImH is SO (4) = Sp(l) Xz 2 Sp(l) so that G2/SO(4) is the set of all associative 3-dimensional 
subspaces in ImO = R 7 . By Lemma [2T| there is an embedding of G 2 /SO(4) in the Grassmannian 
G3(R 7 ) of oriented 3-dimensional subspaces of ImO = R 7 . The action of SO(4) on ImO is given 
by OH p. 115] 

(2.3) g(a,b) = (q 1 -a-q 1 ,q 2 -b-q 1 ), 

where we write (a, b) = a + b ■ e E O for a, b £ H, and g = \qx,q2[ for some unit quaternions 
gi, g 2 € Sp(l). Thus = R 4 and £ = A^_ as SO(4)-representations, where h 2 _ is the 3-dimensional 
representation of SO(4) on ant i- self- dual 2-forms, i.e., [23j p. 155] 

ImO = £® £ x = A 2 _ e R 4 

as representations of SO(4). 

Let J be the orthogonal complex structure (i.e., almost Hermitian structure) on <p with (1, 0)- 
space W and choose an orthonormal basis e\, . . . of ip ± with Je\ — e 2 and Je% = e^. We say 
that J, or the corresponding W, is positive (resp. negative) according as the basis is positive (resp. 
negative). 

On the other hand, following [10] , we call a complex 2-dimensional subspace W complex- 
coassociative if v x w = for all v,w € W. These notions are linked as follows. 

Lemma 2.2. Let W be a maximally isotropic subspace of ip 1 - <X> C. Then W is positive if and 
only if it is complex-coassociative. 

Proof. Setting v = e\ — ie2 and w = e^ — ie^, a simple calculation gives 

(v x w , v x w) =4 - 2(ei , [e 2 , e 3 , e 4 ]), 

where [•, •, •] is the associator defined by [u, v,w] — (u ■ v) ■ w — u ■ (v ■ w) [TT1 p. 114]. Now, by [171 
Theorem 1.16], e%, . . . , is a positive basis for (p 1 - if and only if (ei, \e%, e^, ca\) = 2; the result 
follows. □ 

Lemma 2.3. G2 is transitive on pairs (u,v) of isotropic, orthogonal unit vectors with u x v = 0. 

Proof. Let u = e\ — \e2 and v — £3 — ie^, with e±, . . . , e 4 € R orthogonal unit vectors. Then 
u x u = is equivalent to 

ei x 63 — e 2 x 64 = and e\ x e^ + e 2 x 63 = 0, 

from which it follows that (ei x ea, 63) = 0. It is well known that G 2 is transitive on such ordered 
triples ex, e 2 , e^, see [17j page 115]. Furthermore, e 2 x (ei x 63) = e 2 x (e 2 x 64) = — e±, so that e4 
is determined by ex, e-1, &z\ the result follows. □ 

2.2. The standard representation of G 2 and the vector product on R 7 . The most trans- 
parent way of describing the representation of G 2 on R 7 is by describing its weight spaces, see [161 
§22.3]. 

The Lie algebra jj 2 has simple roots ax and a 2 , and the remaining roots are given by 

&3 = ax + 0L2 , «4 = 2ai + a 2 , a^ — 3«i + a 2 , a 6 — 3«i + 2a 2 

and their negatives. The root lattice equals the weight lattice; the maximal root (i.e., the highest 
weight for the adjoint representation) is 3ai + 2a 2 . The representation ImO ®g C = C 7 of 
g 2 = Q2 ® C has weights ±ai, ±(ai + a 2 ), ±(2ai + a 2 ) and 0. 

For each weight A, the corresponding weight space l\ is one-dimensional with £\ — £-\, and is 
isotropic for A ^ 0. Clearly we have 

(2.4) hx£r,C £x+ v ■ 

For any subspace j3 of ImO, the annihilator of (3 is the subspace f3 a = {L e ImO : L x (3 = 0}. 
It is easy to check [TU] that, if /3 is isotropic of dimension one, then j3 a is isotropic of dimension 
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three, and contains /3; it suffices to calculate it when /3 is a weight space. We can prove the 
following in a similar fashion. 

Lemma 2.4. Let ip be an associative 3- dimensional subspace of ImO. 

(a) Let pi be a 1- dimensional isotropic subspace of ip 1 - . Then 

(i) the unique positive (equivalently, complex- coassociative) maximally isotropic subspace of 
ip 1 - which contains (3 is given by W — j3 a n tp 1 - ; 

(ii) the unique negative (equivalently, not complex- coassociative) maximally isotropic subspace 
of ip 1 - which contains (3 is given byW — ji n /3 fl ■ 

(b) Let f3 be a 2- dimensional positive isotropic subspace of ip . Then (3 — (3 a n ip . □ 

2.3. The twistor spaces of £?2/SO(4). Let N be a Riemannian manifold. By a twistor fibration 
of N (for harmonic maps) is meant [BJ an almost complex manifold (Z,J) (called a twistor 
space) and a fibration n : Z — > N such that, for every (almost-)holomorphic map from a surface 
ip : M — ¥ Z, the composition ip = -k o ip : M — > N is harmonic. Then ip is called the twistor 
projection of ip, and tp is called a twistor lift of ip. 

For inner symmetric spaces, a general theory of such twistor fibrations is given in [BJ. The 
twistor spaces are flag manifolds G/H where H is a centralizer of a torus. 

Now so(4) = su(2) ©su(2), and a maximal torus is given by u(l) © u(l). Following (12.3[) . there 
are two more possibilities for centralizers of tori in so (4): 

u(2)+ = su(2) © u(l), u(2)_ = u(l) © su(2). 

Hence there are precisely three flag manifold of G2 fibring canonically over G2/SO(4), which we 
shall denote by T s (s = 1,2,3) as in the following commutative diagram from [23l §11.9]; the 
fibration ttq will be explained in <JSJ 



(2.5) 



Z 3 = G 2 /U(l) x U(l) 



Zi = G 2 /U(2)_ 



Z 2 = G 2 /U(2)_ S Q 5 



G 2 /SO(4) 

Note that every fibre, apart from that of 7r3, is isomorphic to CP 1 . The Wi (i = 1,2,3) are 
fibre bundles over G 2 /SO(4) associated to the principal G 2 -bundle; more specifically: 

T\ = G 2 /U(2)+ consists of all rank 2 isotropic subspaces of ImO © C = C 7 which are complex- 
coassociative. The projection iri : G 2 /U(2) + G 2 /SO(4) is given by W H> {W ®W} ± . By 
Lemma f2.2[ the fibre at ip € G 2 /SO(4) is all positive maximally isotropic subspaces of <p © C, 
equivalently, all positive orthogonal complex structures on tp- 1 ] this is the quaternionic twistor 
space of G 2 /SO(4) 

T 2 = Q 5 , the complex quadric { [zq , . . . , z$] € CP 6 : z 2 + • • ■ + z 5 2 = } consisting of all isotropic 
lines in ImO © C. The projection n 2 : Q 5 -> G 2 /SO(4) is given by 7r 2 (£) =£©£©(£ x £) . 

Alternatively, we can think of T 2 as G 2 /U(2)_ , the space of all rank 2 isotropic subspaces of 
Im O © C which are not complex-coassociative. There is a G 2 -equivariant bundle isomorphism 
from Q 5 to G 2 /U(2)_ given by £ n- £ a © £ with inverse W i-» W x W. With this model, the 
projection tt 2 : G 2 /U(2)_ -> G 2 /SO(4) is given by W {W ®W}^. By LemmaEJl the fibre at 
P € G 2 /SO(4) is all negative maximally isotropic subspaces of (p © C, equivalently, all negative 
orthogonal complex structures on <p . 

T3 = G 2 /(U(1) x U(l)) consists of all pairs (£, D) where £ and D are subspaces of ImO © C of 
ranks 1 and 2, respectively, which satisfy £ C D C £ a . The projection tt^ : G 2 /(U(1) x U(l)) — > 
G 2 /SO(4) is given by tt 3 (£, D) = q © q © (q x q) where q = D Q £. 
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7r 4 (resp. 7r 5 ): Ga/(U(1) x U(l)) — > G2/U(2)± is given by (£,D) h-> the positive (resp. negative) 
maximally isotropic subspace of x C which contains £, equivalently tt^ : G2/(U(1) x U(l)) — > Q 5 
is given by (I, D) ^ D Q t. 

For each twistor space, the theory of [6] gives a decomposition of the tangent bundle into 
horizontal and vertical parts and canonical almost complex structures J\ and J2 which agree on 
the horizontal space. The following description follows from the Lie theory in j6[ Chapter 4] but 
will be explained in a more geometrical way in Section |4~41 We shall phrase it for smooth maps 
from a surface M, these are given by varying subspaces W, £ and D; we can regard these as 
subbundles of the trivial bundle M x (ImO <g> C) = M x C 7 which we shall denote by C 7 . 

Lemma 2.5. Let ip : M T s be a smooth map from a surface to the twistor space T s , and set 
if = 7r s o ip. Then ip is J2 -holomorphic (so that <p is harmonic) if and only if 

(s=l) ip = W is a holomorphic subbundle of C 7 lying in ker A^; 
(s=2) ip — £ is a holomorphic subbundle of C 7 lying in ker A 1 ?; 
(s=3) ip = (£, D) where I and D are holomorphic subbundles of C 7 
with £ C ker A% and A%{D) C £. 

The same result holds for J\-holomorphic if we replace 'holomorphic' by 'antiholomorphic' 
throughout. 

Note that the maps in diagram (|2.5p preserve horizontal spaces, but do not preserve J\ or J 2 - 

3. Harmonic maps and their twistor lifts 

3.1. Harmonic maps into a Lie group. Throughout the paper, all manifolds, bundles, and 
structures on them are taken to be C°°-smooth. Recall that harmonic maps from surfaces enjoy 
conformal invariance (see, for example, 29 ) so that the concept of harmonic map from a surface 
M is well defined. Let G be a compact Lie group. For any smooth map (p : M — > G, set 
A v = i<^ _1 diy9; thus A v is a 1-form with values in the Lie algebra g of G; it is half the pull-back 
of the Maurer-Cartan form of G. 

To study maps into a symmetric space G/H we embed G/H in the Lie group G by the totally 
geodesic Cartan embedding (see, for example, [Ql Proposition 3.42]); this preserves harmonicity. 

Further, any compact Lie group can be embedded totally geodesically in the unitary group 
U(n), so we now consider that group together with its standard action on C™. Let C™ denote 
the trivial complex bundle C™ = M x C", then D v = d + A v defines a unitary connection on 
C™. Let z be a local complex coordinate on an open set U of M and write dip = ip z dz + (fzdz, 
A = Afdz + A^dz, Df = Dfdz + Dtdz, d z = d/dz and d- z = d/dz. Then 

(3.1) A% = \p-\ z , Af = ^-V", Dt=d z +Ae, Dt=dz + Al. 

Interpreting A^ and A% as endomorphisms, the adjoint of A^ (with respect to the Hermitian 
inner product) is —A 1 ?: in particular, if tp is real, i.e., maps into O(n), then A 1 ? is skew-symmetric, 
i.e., for any p € M, 

(3.2) (AV{u),v)=-{u,A%(v)) (u,v€{p}xC n ), 

where (•, •) denotes the standard symmetric bilinear inner product on C™. We have some simple 
properties, as follows. 

Lemma 3.1. (i) If (3 is a holomorphic subbundle of (C n ,Z)f), so is its polar j3 . 

(ii) If f3 is an isotropic line subbundle of C n , then (D%(/3), j3) — 0. Similar rules hold for D 1 ?, 
AP and A%. 

Proof, (i) This follows from (D^(^),(3) = d s (f3^f3) - Q^Dgtf)) = 0. 

(ii) Similarly, (£>|(/3), 0) = (1/2) d s (f3, (3) = 0. The rest is proved in the same way. □ 
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There is a unique holomorphic structure on C™ with <9-operator given on each coordinate do- 
main (U, z) by -Df |19j . we call this the (Koszul-Malgrange) holomorphic structure induced by 
ip; the resulting holomorphic vector bundle will be denoted by (C n ,-Df). Then |27] a smooth 
map tp : M — > U(n) is harmonic if and only if, on each coordinate domain, A? is a holomorphic 
endomorphism of the holomorphic vector bundle (C n ,Dg). 

Now, for any holomorphic (or antiholomorphic) endomorphism E, at points where it does not 
have maximal rank, we shall 'fill out zeros' as in [5J Proposition 2.2] (cf. [25] §3-1]) to make its 
image and kernel into holomorphic sub-bundles ImE (which we often denote simply by E(C n )) 
and kerE of C™. 

For any k, n with < k < n, let Gfc(C") (resp. G/ C (R™)) denote the Grassmannian of k- 
dimensional subspaces of C™ (resp. M"). The class of maps which we consider is given by the 
following generalization of a notion that F. E. Burstall [5 defined for harmonic maps M — > Gfc(C n ). 

Definition 3.2. A harmonic map ip : M — > U(n) from a surface is called nilconformal if (A^) r = 
for some r £ {1, 2, . . .}. We shall call the least such r the nilorder of tp (in XJ(n)). 

Note that our concept of nilconformal reduces to that in [5] for maps into a complex Grass- 
mannian embedded in U(n) via the Cartan embedding, but our nilorder may differ by ±1 from 
that in [5]. Harmonic maps of finite uniton number are nilconformal (see [26 ), but the converse 
is false, see Example 15 . 1 II below. 

For a non-constant nilconformal harmonic map ip : M — > Gfc(R") or Gfc(C"), let s(ip) denote 
the least positive integer s such (Af ) 2s ((— l) s ~ 1 tp) = 0, where —ip denotes (p- 1 . In general, 
r — 1 < 2s(tp) < r + 1 where r is the nilorder of ip. 

To study harmonic maps into G2/SO(4), we embed G2/SO(4) in G2 by the Cartan embedding, 
and then G2 into SO (7) and finally into U(7). Since the Cartan embedding of G2/SO(4) in G2 is the 
restriction of that of G3(R 7 ) in SO(n) or of Gs(C 7 ) in U(n), we get the same result by embedding 
G2/SO(4) in the real Grassmannian Gs(IR 7 ), then into the complex Grassmannian Ga(C 7 ), and 
finally via the Cartan embedding into U(7). In particular, a harmonic map M — > G2/SO(4) is 
nilconformal if it is nilconformal as a map into U(7). We shall repeatedly use the following simple 
rules: we give (iii) in the form that we need it, but it is true in a much more general context. 

Lemma 3.3. (i) Let v,w : M ->• C 7 Then A^(v x w) — Af(v) x w + v x A^(w). Similar rules 
hold for A%, Df and D% . 

(ii) If (3 is a holomorphic subbundle of (C ,D^), so is its annihilator f3 a . 

(iii) If <p : M —¥ G2/SO(4) is a harmonic map, and j3 is a holomorphic line subbundle of (p , 
then the subbundles W of tp 1 - given by the formulae of Lemma \2.4^ a) are holomorphic. 

Proof, (i) and (ii) Since ip has values in G2, Af has values in Q2 ® C The other parts follow, 
(iii) This follows from Lemma EUii) and (D%W, (3) = (W, D%(3) = 0. □ 

3.2. Construction of the twistor lifts. We may now state one half of our main result, that 
nilconformal harmonic maps have twistor lifts; in fact, we shall give explicit formulae for those 
lifts. The converse will follow from Proposition 14.71 from an interpretation using geometric flag 
manifolds. 

Theorem 3.4. Let <p> : M G2/SO(4) be a non-constant nilconformal harmonic map. Then 
s(tp) £ {1, 2, 3}, and ip has a J^-holomorphic lift from M to the twistor space T s where s = s(ip). 

Proof. Suppose that <p : M — > G2/SO(4) is a non-constant nilconformal harmonic map. We first 
note that, by nilpotency, la.nk(Af) 2 ' 1 (tp) < 3 — i (i = 1, 2, . . .), in particular, s(tp) < 3. 

We now construct a J2 -holomorphic lift into T s where s = s(p>). First, since Af is holomorphic, 
we may fill out zeros as described above to obtain a holomorphic subbundle j3 = (Af) s ((— ly^ 1 ^) 

(i.e., [3 - Im{(^) *| ( _ 1)s - 1 J) of ^- Thcn (P, P) = ((^) 2s ((-l) s ~V), (-1)'"V) which is by 
definition of s(ip); hence f3 is an isotropic holomorphic subbundle of ip ± , which is thus of rank 0, 
1 or 2. Now let W be a maximally isotropic holomorphic subbundle of cp containing /3, then 

(3.3) (A:?) 5 ((-irV) =PCWC0 ± = ker(^)%x , 
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the last equality following from (|3.2I) . From Q3.3P and the definition of s(cp) we see that 

(3.4) (A%y(W) = if and only if i > s(cp). 
When s = 3, we will choose W to satisfy the additional condition 

(3.5) {Af) 2 (W)cW 

(which is automatic from (|3.4p for s — 1,2). We build the lift of p from such a VF and its 
derivatives (A^) l (W) (i < s — 1), note that these are all holomorphic subbundles of ip or cp , 
and they are all isotropic since (A% (W) , A$ (W)) = ((Af) 2 (W), W) = by ([33]) : further, the last 
non-zero one, (A^) S ~ 1 (W), is in kerA^. To get a lift into T s , we will choose W to be positive 
when s is odd and negative when s is even. We give the details and explicit formulae for the three 
possible values of s(p) in the next three lemmas. 

Lemma 3.5. Let (p : M —¥ G2/SO(4) be a nilconformal harmonic map with s(ip) = 1. Then there 
is a J2 -holomorphic lift W : M — > T\ = G2/U(2) + of ip given by 

(3.6) W = f3 a ntp ± where j3 = Af(ip). 

Proof. First note that (3 — would imply that ip is constant, so that j3 has rank 1 or 2. 

(a) If rank/3 = 1, then by Lemma I2.4| (3 has a unique extension to a positive, equivalently 
complex-coassociative, maximally isotropic subbundle W given by ()3.6() and this is holomorphic 
by Lemma 13.31 

(b) If rank/3 = 2, set W = (3. We claim that W is complex-coassociative. To see this, let 
v,w £ r(</?) — here T(-) denotes the space of (smooth) sections of a vector bundle. Since p is 
associative, vxw £ T(ip). Applying A^, by Lemma [3~^f i) . we have that A^(v)xw+vxA^(w) lies in 
A%{p). Applying A^ again, since by s(p) = 1 we have (Af) 2 (p) = 0, we obtain Af(v) xAf(w) = 0. 
Hence W is complex-coassociative. 

Since, by Lemma r2.4f b), (3 a n p 1 - — (3 when (3 is complex-coassociative of rank 2; the lemma 
follows. □ 

Lemma 3.6. Let p : M — > G2/SO(4) be a nilconformal harmonic map with s(p) = 2. Then there 
is a J 2 -holomorphic lift i : M — > T 2 = Q 5 of ip given by 

(3.7) £ = A*(W) where W = p X n /f n p> L with (3 = (A v z f{p^). 

Proof, (a) Suppose first that rank/3 = 0, then set I = A^ip^) Then I is a non-zero holomorphic 
isotropic subbundle of tp, and is thus of rank 1; further, it is in the kernel of Af. It thus gives 
a J2-holomorphic lift of ip into Q 5 . Note that it is given by (I3.7[) with [3 = since the middle 
formula gives W = (p J ~. (In fact, it can be checked that taking W to be any maximally isotropic 
subbundle in ip 1 - gives the same £.) 

(b) Next suppose that rank/3 ^ 0. If rank/3 = 1, by Lemma [2.4[ it has a unique extension 
to a maximally isotropic subbundle W which is negative, equivalently, not complex-coassociative, 
and this is holomorphic by Lemma [3.31 If rank/3 = 2, set W = f3 (which may or may not be 
complex-coassociative) . 

Whether rank/3 = 1 or 2, set I = A?(W), as explained already, gives a J2 -holomorphic lift of 
ip into Q 5 . 

Further, with notation which will be convenient in £14.41 set ^2 = £, ip—2 = ^2 an d "00 = 
-0-2 x ip 2 , then ip = -0_ 2 ® -00 © ^2 and, by Lemma Ejjv) , "00 x ip 2 — ip2- Now ((Af) 2 (p), ip 2 ) = 
((A^) 2 (ip),A%(W)) = (ip, {APf{W)) = so that (A^) 2 (ip) lies in the polar of ^2, i.e., 

(3.8) (At) 2 &) C0o©^ 2 . 

Similarly, {Af{<p^), tp 2 ) = (yr 1 - , A% (ip 2 )) = 0, so that Af{ip^) C ipa®ip 2 . Hence /3 = (Af) 2 (p ± ) C 
A^(^o) and since ipo has rank one, so has (3, so that an explicit formula for W is given by Lemma 
I2.4f a)(ii). The lemma follows. 
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Further, applying A% to ip x ip 2 C ip 2 gives (0 O ) X ^2 = 0, so /3 x t = 0, so (3 C ^ a H yr 1 . It 
follows that when rank/3 = 1, W — l a n as this contains (3 and is negative. When rank/3 = 0, 
we can take W to be f fl^ 1 , then, in all cases, W xW — i. Thus W gives the lift into T 2 thought 
of as G 2 /U(2)_, see also $331 □ 

Lemma 3.7. Let ip : M G2/SO(4) be a nilconformal harmonic map with s(tp) = 3. Then there 
is a J 2 -holomorphic lift (£,D) : M -> T 3 = G 2 /(U(1) x U(l)) o/ </? given 6j/ 

(3.9) € = (4^) 2 (lf), Z? = sp&n{A^(W), (A^) 2 (W)} where W = f3 a n ^ with £ = (^) 3 (</?). 

Proof, (i) We first show that there is a maximally isotropic holomorphic subbundle W of ip which 
contains j3 and satisfies (|3.5p . 

Suppose that rank/3 = 0. Then {A t ^) A {tp 1 -) = so that s(y>) < 2, a contradiction. 

Suppose, next, that rank/3 = 2, then set W = /3 — this clearly satisfies (|3.5|) . 

Finally suppose that rank/3 = 1. Since /3 is closed under (Af) 2 , so is its polar /3 so that 
[Af) 2 factors to an endomorphism B of the rank 2 quotient bundle j3 / (3. Then, either B = 0, 
in which case we may define W to be /3 + 7 where 7 is either of the two isotropic line subbundlcs 
in f3 j p — explicit formulae are given by |2.4f a)(i) or (ii) — or B 2 = 0, in which case we set 

W = + (A%) 2 (j3 X ). In either case, W satisfies (J33J); also A%(W) and (Af) 2 {W) are isotropic, 
and non-zero by (|3 .4[) . and so both have rank one. 

(ii) Using part (i) we now show that we can actually choose a W which is positive, equivalently, 
complex-coassociative. There are two cases, as follows. 

(a) Suppose that A%(f3) = 0. Then rank/3 = 1, otherwise s(<p) = 1 by Q3.4p . As in Lemma 
12.4( a) (i) , set W — f3 a n ip . Then W is a positive holomorphic maximally isotropic subbundle of 
ip 1 - which contains j3. Further, W x j3 — 0. Applying Af twice gives (Af) 2 {W) x /3 = 0, showing 
that W satisfies (]3 . 5[) . 

(b) Suppose, instead, that A%(fi) ^ 0. Let W be a maximally isotropic subbundle of <p of 
either sign containing /3 and satisfying (|3.5p as constructed by part (i) . Since A% (/3) is contained 
in A%(W) and they both have rank one, they must be equal, whence (Af) 2 (/3) = (A^) 2 (W), which 
is non-zero by (|3 ,4[) . This implies that rank/3 = 2; so set W — (3; this satisfies (13.5[) . To see that 
this W is positive, as for the case s — 2, we decompose (p — 0-2 ffi V"o © V*2 where ip 2 = A%(W), 
-0_2 = ip 2 and ipo = 0-2 x -02 and again (|3.8p holds. Let ^ € r(<^) and ^2 G r("02)- Then from 
(|3~8]) and associativity of ip (see Lemma l2lTv)). (A^) 2 (*) x ^ 2 € r(^ 2 )- Applying Af, we see 
that {Aff{^) x ^ 2 + (A£) 2 (#) x A£(# 2 ) lies in A* (fa). Now (Af) 2 ^) = and (Af) 4 (i[> 2 ) = 
so applying A% once more gives then (A^) 3 (*) x A£(* 2 ) = 0, i.e., VF x (A^) 2 (W) = 0, so that 
W is complex-coassociative, i.e., positive. 

By Lemma I2.4f b). f3 a D ip = f3 when /3 is a positive and of rank 2, thus, in both cases (a) 
and (b), W = f3 a (1 <p provides a positive maximally isotropic subbundle of ip containing (3 and 
satisfying (|3.5I) . 

We set i = (Af) 2 {W). Since A%{W) and (A^) 2 (W) are in ip and respectively, and so 
linearly independent, they span a rank 2 subbundle D; by (|3.5|) this is isotropic. The subbundles 
i and D are clearly holomorphic and satisfy A%(D) C by (|3.4[) £ is in the kernel of 

Further, W is complex-coassociative and satisfies (|3.5|) , Applying gives A% (W) x (A^) 2 ( W) = 
0. It follows that D C l a . The lemma follows. □ 

The three lemmas we have just established complete the proof of Theorem 13.41 □ 

4. TWISTOR SPACES AS FLAGS 

To understand our constructions better, we embed our exceptional symmetric space in a Grass- 
mannian; we now recall some methods for those. 
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4.1. Harmonic maps into real and complex Grassmannians. For the case of real or com- 
plex Grassmannians, the twistor spaces constructed by |26) admit descriptions as geometric flag 
manifolds, as we now explain. 

As before, for any k, n with < k < n, let Gfe(C") denote the Grassmannian of /c-dimensional 
subspaces of C". We identify a smooth map tp : M — > Gfc(C n ) with the rank k subbundle of 
C" = M x C™, also denoted by <p, whose fibre at p G M is tp(j>). 

For a subbundle V of C™ we denote by iry (resp. Wy) orthogonal projection from C™ to V (resp. 
to its orthogonal complement V ). The Cartan embedding is given by 

(4.1) L:G k (C n )^V(n), l{V) = n v - ir v ; 

this is totally geodesic, and isometric up to a constant factor. We shall identify V with its image 
i(V); since l{V^) = -i(V), this identifies V 1 - with -V. 

We consider the real Grassmannian Gfc(]R n ) to be the totally geodesic submanifold {V G 
G k (C n ):V = V}. 

We now recall some methods for studying maps into Grassmannians [8j. Any subbundle tp of 
C™ inherits a metric by restriction, and a connection V^, by orthogonal projection: 

(v v )z(w) = 7rv,(0 z t>) (z e r(TM), « g r(^) ). 

Let tp and ip be two mutually orthogonal subbundles of C™. By the d' and d" -second funda- 
mental forms of tp in tp © ip we mean the vector bundle morphisms A' ^ , A'^ ^ : p — > ip defined 
on each coordinate domain (U, z) by 

(4.2) A'^{v)=^{d z v) and A%(v) = ^{d- z v) («£%)), 
The following follow from the definition, the last from Lemma f3 . 1 T ii^l - 

Lemma 4.1. For any mutually orthogonal subbundles p and ip o/C™, 

(i) A'l is minus the adjoint of A' ^ ; 

(ii) A'L.- is the conjugate of A'^; 

(iii) if p is isotropic and of rank one, A' ^ and A'' ^ vanish. □ 

In particular, we have the second fundamental forms of p: A' v = A' ± : p — > tp 1 - and A'^ = 
A" ± : p —> tp ; on identifying p : M — > G/.(C n ) with its composition to ip : M U(n) with the 
Cartan embedding, we see that the fundamental endomorphism Af of (|3.ip is minus the direct sum 
of A' v and A' ± , similarly the connection D v of the last section is the direct sum of V v and V v ± . 
It follows that a smooth map ip : M — > Gfc(C") is harmonic if and only if A' is holomorphic, i.e., 
A' v o = V"_l o A' v , where we write = (V^)a/a^, see also [51 Lemma 1.3]. 

We fill out zeros as in AO to obtain subbundles G'(p) = ImA'^ = Im(A|| v ) and G"{p) = 
Im^4^ = Im(A|'| ¥ j), called the & - and d" -Gauss transforms or Gauss bundles of tp; these define 
maps into Grassmannians which are also harmonic, see [8j Proposition 2.3], |29j ; in fact, these 
operations are examples of adding a uniton in the sense of K. Uhlenbeck [27) . 

More generally, we define the ith & -Gauss transform G^'itp) of a harmonic map tp : M — > 
G fe (C") by G(°)(V) = tp, G^(<p) = G'{G^(p)), and the ith d" -Gauss transform G^(tp) 
G(- % \p) = G"{G^ i+l \ip)). Note that G^(tp) = G'(p) and G^(p) = G"(tp). The sequence 
(G^ (p))i(=z of harmonic maps is called [28] the harmonic sequence of p. By Lemma 14. 11 if p is a 
harmonic map into a real Grassmannian, we have A" v = A' v and G^ l \p) = G&(<p) Vt G Z. 

A harmonic map tp : M —> Gfe(C") is called strongly conformal [8J if G'(tp) and G"(tp) are or- 
thogonal, equivalently s(y>) = 1. For a harmonic map tp : M Gfc(R") into a real Grassmannian, 
strong conformality is equivalent to isotropy of the subbundle G'(tp). 

4.2. Twistor lifts of maps into complex Grassmannians. For any complex vector spaces 
or vector bundles E, F, Hom(E,F) — Komc(E,F) will denote the vector space or bundle of 
(complex-)linear maps from E to F. 
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Let n, t, do, di, . . . , dt be positive integers with X^_ di — n. Let F = Fd 0> ... t d t be the (complex) 
flag manifold U(n) /XJ(do) x • • • x U(dt). The elements of F are (t + l)-tuplcs ip = (ipo, ip\, . . . , ip t ) 
of mutually orthogonal subspaces with i[>o © • • ■ © ipt — C"; we call these subspaces the legs of ip. 
There is a canonical embedding of F into the product Gd (C n ) x • • • x Gd +--+d t - 1 (C n ) given by 
sending (ipo, ipi, . . . , ip t ) to its associated flag (Tq, . . . , T t _i) where T, = J2]=o ^3 > ^ ne restriction 
to -F of the Kahler structure on this product is an (integrable) complex structure which we denote 
by Ji- 

Set k = Ylj=o d®j an< ^ N — Gfe(C n ). We define a mapping which combines the even- numbered 
legs: 

[t/2] 

(4.3) 7r e : F do _ dt ->■ G fe (C n ), V = Wo, Vi, ■ • ■ >*) ^ ^ ifo; 

we could instead define a projection 7r d<i which combines odd-numbered legs, so that Tr dd(ip) is 
the orthogonal complement of Tt e (ip). The projection 7r e is a Riemannian submersion with respect 
to the natural homogeneous metrics on F and Gf.(C n ) so that each tangent space decomposes 
into the direct sum of the vertical space, made up of the tangents to the fibres, and its orthogonal 
complement, the horizontal space. 

We define an almost complex structure J2 by changing the sign of J\ on the vertical space. 
This gives (1, 0)-horizontal and vertical spaces as follows: 

n 'l%= E Hom(^,^), V(%= Y, Hom(^,^). 

i,j=o,...,t i,j=a,...,t 

i<j, j—i odd j<i- j—i even 

The almost complex structure J 2 is not integrable except in the trivial case t = 1, see [7J. However, 

Proposition 4.2. 6; 7r e : {F,J%) — ¥ Gfc(C™) is a twistor fibration for harmonic maps. 

Now let M be a surface, and let -0 = (ipoitfit ■ ■ ■ i^t) ■ M F be & smooth map. The last 
proposition says that if ip is J2-holomorphic, then its twistor projection 7r e o ip is harmonic. From 
[5] we have: 

Proposition 4.3. 26] Let ip — (ip ,ipi, ■ ■ . , ipt) '■ M — > F be a smooth map. Then 

(i) ip is Ji-holomorphic if and only if A'^, ^. = whenever i — j is positive; 

(ii) ip is J2 -holomorphic if and only if 

(4.4) A'^. — when i — j is positive and odd, or j — i is positive and even. □ 

In [26] , the authors developed a general method for producing twistor lifts of harmonic maps 
which used the following definition. 

Definition 4.4. Let ip : M — > U(n) be a smooth map. A filtration of C ra by subbundles: 

(4.5) C" = Z Q D Z 1 D ■ ■ ■ D Z t D Z t+ i = 
is called an Af -filtration (of length t) if, for each i = 0,1, . . . ,t, 

(i) Zi is a holomorphic subbundle, i.e., T(Zi) is closed under D% ; 

(ii) A% maps Zi into the smaller subbundle Z s :+i . 

Note that each Zi is a uniton [57j for <p, i.e., a holomorphic subbundle of (C n ,Df), which is 
closed under A%, and any uniton can be embedded in a Af -filtration |26) . 

Clearly, A^-filtrations of ip exist if and only if ip is nilconformal. By the legs of a filtration (|4.5p 
we mean the subbundles ipi = Zi Zi+\ (i = 0, . . . , t). We say that a filtration (I4.5|) is (i) strict 
if all the inclusions Zi+\ C Zi are strict, equivalently, all the legs ipi are non-zero; (ii) alternating 
{for ±tp) if 

(4.6) ViC(-l)V or V^C(-1) !+ V (i = 0,l,...,t). 
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Let ip : M — > U(n) be nilconformal of nilorder r. Then two examples of A^-filtrations are 
the filtration by Af -images given by Zi = Im(A^) 4 and its 'dual', the filtration by Af -kernels: 
Zi = ker(j4^) r- \ By nilpotency, these nitrations are strict; they coincide when r = n, in which 
case their legs are all of rank one. 

The point of A^-filtrations is the following result from [26] . 

Proposition 4.5. Let (p : M Gfc(C n ) be a nilconformal harmonic map from a surface. Then 
setting ip^ = Z i+S Q Z i+s+ i defines a one-to-one correspondence between J2~holomorphic lifts 
ip — (ipo, tpi, . . . , ipt) of ip into a complex flag manifold i 7 d ,....dt o.nd strict alternating Af -filtrations 
(j4~5]) of length t. 

4.3. Twistor lifts of maps into real Grassmannians. Let Gfc(R n ) denote the Grassmannian 
of real A;-dimensional subspaces of C™, and p : Gfc(R") —> Gfc(R n ) its oriented double cover where 
Gfe(K n ) consists of oriented real fc-dimensional subspaces. Note that Gfc(R n ) is inner if and only 
if k or n — k is even [6j p. 38]: the theory in that paper applies to this case. Since taking the 
orthogonal complement defines an isometry from Gfc(R") to G„_fc(R"), we shall assume, without 
loss of generality, that n — k is even. To obtain twistor spaces and harmonic maps into these 
Grassmannians, we start with a filtration (|4.5I) which is real in the sense that Zi = Z t+1 _ i , 
equivalently, tpi = tpt-i (i = 0, 1, . . . ,t). Then, if the filtration is strict and alternating and the 
length t of the filtration is odd, it has an even number of legs, and ip projects under 7r e (or ir dd) 
to a map into SO(2m)/U(m), see [25] . 

We are more interested in the case when t is even. In that case, it is convenient to set t = 2s 
and renumber the legs: ip = (ip- s , ■ • ■ , V'Oj . . . , ip s ) so that these satisfy the reality condition 

(4.7) ip-i=Wi (< = 1,...,«); 

thus all the legs are determined by ipi with i positive, and the middle leg ipo = C™ G5Z* =1 (V'i + 
is real. 

This suggests that, for any natural numbers do, . . . , d s with do + 2(d\ + ■ ■ ■ + d s ) — n, we define 
submanifolds of the complex flag manifolds in the last section by 

( 4 - 8 ) F d s ,...,d Q = = (ips,-- ■ ,1p0,- ■ ■, Ips) G Fd- s ,...,d ,-,ds : V>i = ^-i Vi } ■ 

Here we set d_i = di and the order of the indices is the same as in [26 . As a homogeneous space, 
F ds,...,d = OW/ff. wherc H = u (^) x • • • x U(di) x O(do); equally well, Ff^ _ >do = SO(n)/# 
where H — U(d s )x •• -xU(di)xSO(do)- The twistor projection 7r e (or n dd) of (|4.3|) restricts to give 
twistor fibrations: 7if : Ff st _ 4o -> 0(n)/0(fc) X 0(n- k) = G k (R n ) where n-k = 2J2 ie ®, i od d d i 
and 4(iP) = E <e z, < eJW, and ^ K : Ff^ = SO(n)/H -> SO(n)/SO(fc) x SO(n- k) = 
Gfe(R"), providing twistor spaces for Gfe(K ra ) and Gfc(R n ) when n — k is even. 

For a map (p : M —> Gfc(R n ) from a surface, we define Af by forgetting the orientation of ip, 
i.e., Af = a v ° v . We have the following version of Proposition 14.51 adapted to the real case. 

Proposition 4.6. Let ip : M — » Gfc(R ra ) fee a nilconformal harmonic map where n — k is even. 
Then setting ipi — Zi +S Q Zi +s+ i defines a one-to-one correspondence between Ji-holomorphic lifts 
ip = (ip—s, . . . , ipo, ■ ■ ■ ! ips) of ip into a flag manifold (|4.8p and real strict alternating A^ -filtrations 
(143)1 o/ Zera^/i 2s. 

Proposition 4.7. Le£ ^ : M — > i 7 "* do 6e a Ji-holomorphic map into a flag manifold (|4.8I) . 
Suppose that its twistor projection <p := 7Tq o : Af — > Gfc(R n ) is non-constant. Then p is a 
nilconformal harmonic map into an oriented real Grassmannian with n—k even. Further s(ip) < s. 

Proof. That <p is harmonic follows from Proposition 14.21 Since (— l) s ~ 1 tp = J2tZo ?P-s+i+2i and 
(A%f maps V- s +i+2i to Y. 3>i ^-s+x+2j, we see that (Af) 2s ((~l) s - V) = so that s(<p) < s. □ 

Remark 4.8. Remark 15.151 shows that a nilconformal harmonic map may have lifts into more 
than one twistor space; thus the inequality s{ip) < s cannot be replaced by equality. 
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4.4. Twistor spaces of G2/SO(4) as flags. We saw in £12.11 that G2 has three flag manifolds 
which fibre over G2/SO(4); these give three twistor spaces for C?2/SO(4). To study these twistor 
spaces geometrically, we embed G2/SO(4) in the oriented Grassmannian Gs(K 7 ). The twistor 
spaces of this Grassmannian are flag manifolds F = do as described in the last subsection. 

Since d a + 2{di H h d s ) = 7 and X)i>o i odd di = 2 there are precisely three possibilities which 

we will denote by Fx, F 2 , F 3 : 

(i) s = 1 and Fi = F 2 R 3 ; (ii) s = 2 and F 2 = Ff <%l ; (iii) s = 3 and F 3 = F^ hltl . 

Definition 4.9. Let ip = (ip- a , ■ ■ ■ , fps) € F s (s = 1, 2 or 3). We shall say that ip is a G2-flag if 

(4.9) tpi X i/jj C ip i+j ViJeZ. 

Here, we set = for |i| > s. We denote the set of all G2-flags in F s by T s ■ 

Recall from ^2.2! that the annihilator £ a = {X G ImO : X x I = 0} of a 1-dimcnsional isotropic 
subspace £ of ImO is isotropic, of dimension three, and contains £. The following should be 
compared with [TBI §5.2]. 

Proposition 4.10. Let ip — (tp- s , • • • , ips) € i 7 ^ /or some s = 1, 2, 3. TTie following are equivalent: 

(i) ip is a G2~flag (Definition ^. Sty , i.e., ip £71; 

(ii) </ie are i/ie Zegs 0/ a filtration: 

{(s = 1) C 7 D "W^ D W D 0, 
(s = 2) C 7 D ? X D JF) ± Dl a DiD0, 
(s = 3) C 7 D ~t D ^ D ~Wt dTdDd^dO, 

where W is a 2 -dimensional complex-coassociative subspace of C 7 , £ is a 1-dimensional isotropic 
subspace of C 7 , and D is a 2 -dimensional subspace of £ a which contains £; 

(iii) tp is G2~equivalent to the flag: 

{\S 1) (^-2ai-Q2 ® ^—a±—a2 ) ^-ai (B £o ® £a l , £a±+a 2 ® ^201+^2) ! 
(s 2) (^_ ai , £ ai -i ra < i (B £—2a±—ct2 J ^0 1 ^-ai-Q2 ® ^2ai+ft2 ! ^c«l ) ' 
(5 3) (^-2ai-Q2 1 ^-ai j ^ — ft 1 — ct2 ? ^0 1 ^aiH-Q2 7 ^ai ) ^201+02) ■ 

Proof. We show that (i) (ii) ==>■ (iii) (i). 

First, suppose that (i) holds. When s = 1, put W — ipi; when s = 2, put ^ = -02; when s = 3, 
put £ — ip3 and D — ip2 (B tp3, then we get nitrations as in (|4.10p so that (ii) holds. 

Next, suppose that (ii) holds. Then by Lemma 12.31 we can find an element of G2 which, when 
s = 1, maps W to the complex-coassociative subspace £ ai + a2 © ^2ai+a 2 ] when s — 2, maps £ to 
the isotropic line £ ai , and when s = 3, maps £ and D to ^2ai+a 2 an d 4i ffi ^2ai+a 2 i respectively. 
The rest of the legs in (iii) then follow by calculation. For example, when s = 3, {£2a 1 +a 2 ) a is 
spanned by £ ai , £ ai +a 2 an d 4ai+a 2 i determining the legs ipi for i positive; the other legs follow 
by the reality condition (|4.7[) . Hence (iii) holds. 

Lastly, suppose that (iii) holds. Then simple calculations using (|2.4[) show that the displayed 
flags satisfy (|4.9p . so that (i) holds. □ 

Now, the projections ttq : F s Gs(IR 7 ) which combine even- numbered legs restrict to projec- 
tions 7r : T s —> G2/SO(4). We now show that the resulting G2-fibre bundles ir : T s — > G2/SO(4) 
are isomorphic to the three twistor bundles T s — > G2/SO(4) defined in £12.11 

Proposition 4.11. We have the following G2-equivariant isomorphisms of fibre bundles over 
Gi SO: 1; : 

Ti = G 2 /U(2)+ viaip^W where W = ipx; 
J~2 — Q 5 via ip 1— > £ where £ = ip2 ', 

T3 = G2/(U(1) x U(l)) via tp H> the pair (£,D) where £ — tp 2 and D = span{^ 2 , tpz}- 
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Proof. It suffices to describe the inverse mappings: 

G 2 /U(2)+ -> Ti given by W ^ V = the legs of flHUJ) (s=l); 
Q 5 ^T 2 given by £ i-» i/> = the legs of (gT0])(s=2); 

G 2 /(U(1) x U(l)) -> 7i given by (f,£>) i-> tp = the legs of (|CTijl(a=3). □ 

Note that the legs of (|4TiO]l (s=l) are ^ = 0^ ® W 7 )- 1 , W). This is the general form of the 
twistor lift of a strongly conformal map into a real Grassmannian [26, Example 6.16(h)], with the 
additional restriction that we choose W positive, equivalently, complex-coassociative. 

Note also that we have a G2-equivariant isomorphism of fibre bundles T 2 — G 2 /\J(2)- via 
tp i-» W where W = ipi] with inverse W M- ip — the legs of (|4.10p (g=2) with £ — W x W . This 
commutes with the isomorphism given in £12.31 

Proposition 4.12. TTie isomorphisms of Proposition ^. 1 1\ preserve horizontal spaces, Ji and J 2 . 

Proof. We shall prove that J2 is preserved, as this is most important to us. Preservation of J\ is 
similar. It follows that horizontal spaces are preserved. 

Suppose that tp : M — > T s is a J2-holomorphic map. Then various second fundamental forms 
A'^. ^. vanish as in Proposition I4.3f ii). The J2-holomorphicity conditions of Lemma [2.5I can be 
phrased as the vanishing of some of those. Thus, as a map into T s , tp is ^-holomorphic. 

The converses are trickier. We know some second fundamental forms vanish and we must show 
that all the others required by Proposition I4.3I vanish. We give the details for the three twistor 
spaces. 

(s = 1) Rephrasing Lemma 1231 slightly, a map W : M Z\ = G2/U(2) + is ^-holomorphic if 
and only if (i) W is a holomorphic subbundle of <p , (ii) W C her A' x . Since ipi = W, condition 
(i) means that the second fundamental form A'^ i ^ vanishes; condition (ii) means that the second 
fundamental form AL ^ vanishes; by Lemma 14. llT i) and (ii), so does AL^ By Proposition 
I4.3f ii) , the vanishing of these three second fundamental forms is precisely the condition that the 
lift ip given by (|4. 10|) T^— 1 ) be J2-holomorphic. 

(s = 2) Again by Lemma 12.51 J2-holomorphicity of I is equivalent to (i) £ is a holomorphic 
subbundle of <p, (ii) I C ker^. Since ip 2 = i, condition (i) means that A'^ q ^ vanishes, by 
Lemma |4~T1 so does A'^_ 2 ^ o ; further by Lemma l4~l7 iii). AL_ a ^ 2 vanishes. Since i is a holomorphic 
subbundle, ipi = l a I is a holomorphic subbundle of p 1 - so that AL_ t ^ vanishes. 

Next, condition (ii) tells us that A'^^ and ^ 3i ^_ 1 vanish, thus so do A' xp _ i ^_ 2 and A'^ ^^. 

It remains to show that A'^ ^ g is zero. So suppose that it is non-zero. Then, since rank^i = 2 
and rank^o — L kerA^ ^ o has rank one. Thus we can choose a local basis a, 6 for ip\ with 
b e kerAfa ^. By the G 2 -condition (|4.9p . we have a x b e ip 2 . Applying Af gives Af(a x b) = 
A^(a)xb+axA^(b) = A'^ ^ Q (a) x b. Since tp 2 C kerA^ the left-hand side is zero. The right-hand 
side is the product of non-zero elements of tpo and ipi; but calculating this from (|4.11l) (s=2). we 
see that such a product is non-zero, giving a contradiction. 

Thus A'^ ^ q is zero, as is A'^ q and ip is J2-holomorphic by Proposition 14.31 

(s = 3) By Lemma l2~5l ,/2-holomorphicity of (£, D) is equivalent to (i) I and D are holomorphic 
subbundles, (ii) I C ker A% and Af{D) C i. 

Condition (i) implies holomorphicity of all the elements of the filtration (|4.10p (s=3) which 
shows that A'^. ^. is zero for i — j even and j > i. Condition (ii) implies that A'^. ^. is zero for 
i = 3 and so for j = —3, also for i = 2, j = —3, — 1, 1 and so for j = —2, i = —1, 1, 3. 

It remains to show that AL ^ Q vanishes. To see this, from (I4.9[) we have ipi x ip 2 C "03 ■ 
Applying ^ gives Af(ipi) x tp 2 = so that Irn-A^ ^ o C i/>2 n ^o- But, calculating this from 
(|4.1ip (g=3) we see that this intersection is trivial. Hence A'^ x and so also A'^ o ^ ^ vanishes; 
tp is J2-holomorphic by Proposition [473] □ 
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4.5. Superhorizontal maps. The concept of superhorizontal maps into a flag manifold is defined 
in [6]. For maps into a geometric flag manifold it amounts to 

Definition 4.13. [5] A holomorphic map tp = (ipi) into a complex flag manifold is called super- 
horizontal if the only possible non-zero second fundamental forms A'^, ^. occur when j = i + 1. 

Equivalently, for each i = 0, 1, . . ., <5j = X}}=o * s a holomorphic subbundle of (C n , d s ) and <9 Z 
maps sections of Si into sections of . By Proposition 14. 31 we see that a superhorizontal map is 
both Ji-holomorphic and J2-holomorphic with respect to 7r e , and so horizontal, see |26] for more 
details. 

The projection by 7r e (or iT dd) of a superhorizontal map is a harmonic map of finite uniton 
number. In fact, let (p : M — > G2/SO(4) have superhorizontal lift into T s (s <E {1,2,3}). Then 
the extended solution [37] <J> of y> can be read off from the filtrations (14.101) namely, in terms of 
Segal's Grassmannian model [24] : 

• s(<p) = l, $H+ = \- 1 W + W^_+\H+, 

• = 2, $'H + = A- 2 £ + A- 1 ^+(r)^ + A^- L + A 2 -H + , 

• «(y>) = 3, $-H+ = A- 3 £ + A- 2 ^+A- 1 £ a + +(^)- L + AL' ± + A 2 £ ± + A 3 -H + . 
These agree with the formulae of Correia and Pacheco |10) . modulo conventions. 

5. Relationship with almost complex maps to the 6-sphere 

5.1. The almost complex structure on S 6 . Let S 6 be the unit sphere in ImO = R 7 . Define 
an almost complex structure J on S 6 by JpV — F x v (F € 5 6 ,w € TpS 6 — spanjFj-^). 

Lemma 5.1. Let F e S 6 and let a, /3 E Tp°S 6 . Then 

(i) a x ]} = i(a,/3)F; 

(ii) ax(3e T^'V; 

(iii) |«x/3| 2 = 2(|a| 2 |/?| 2 -|(a,^)| 2 ). 

Proof, (i) From (|2 .2[) we have 

(5.1) Fx (ax/3) = -iax^- (a,/3)F 

However, we also have 

F x (a x /?) = -F x (/? x a = -{i/3 x a - (a,/3)F} = ia x /3 + 

We thus conclude that F x (a x (?) = 0; since F is real, this means a x /? is a multiple of F; by 
HHH) , we get a x /3 = i(aJ)F. 

(ii) From (|2.2p we have 

f x (a x /)) = -(F x a) x /3 = -i(a x 

which establishes the result. 

(iii) From (|2.2j) and since T F ,0 S e is isotropic, we have 

(a x /3 ,a x /3) — — (/3 , a x (a x /3)) 

= -(/3, -(a x a) x /? + 2(a,/3)a- \a\ 2 ]3 - (a,/3)a) 
= -(13, -2\a\ 2 ]3 + 2(a,P)a) 
= 2{|a| 2 |/3| 2 -|(aJ)| 2 }. 

□ 

We can improve Lemma l5.1f ii) by using Lie theory, as follows. By transitivity of G*2 on S e we 
can take F in the zero weight space £q. Fix a Cartan subalgebra f) of $j2- Consider now the copy 
of su(3) C fj2 given by the long roots: 

SU(3) C = f) C + ±Q2 + B±( 3qi+Q2 ) + fl±(3ai+2a 2 )' 
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Under the action of 5u(3) , C 7 decomposes as 

(5.2) C (^-qi ~\~ ^—a±—a2 ~t~ ^20.-1+0.2) I -^0 I (^Qi ~l~ ^ai+Q2 ^— 2a±— 0.2)' 

Since su(3) acts trivially on £o, it will also preserve the (1,0)- and (0, l)-spaces of the induced 
orthogonal complex structure on £q, which therefore correspond to the two isotropic spaces in 
brackets in (|5.2[k those spaces correspond to the standard representation of su(3) and its dual. 
Hence, we can take 

Tp S ^ai+Q2 ^-2ai-tt2 ' 

which shows us that Tp ,0 S 6 x T F ,0 S 6 is equal to Tp^S 6 . 

5.2. Almost complex maps into S 6 . Given a smooth map F : M — > S 6 from a surface into 
the 6-sphere, let / : M — > KLP 6 be its composition with the standard double covering S 6 — > RP 6 ; 
equivalently, / = span{P} is the real line subbundle of C 7 of which P is a section. Embed MP 6 
in CP 6 . Then if F, equivalently /, is harmonic, we can define the Gauss bundles G^(f) (i e Z) 
as subbundles of the trivial bundle C 7 = M x C 7 or, equivalently, maps M — > CP 6 ; these are 
harmonic and G^ l \f) = G<»(/) (i <= Z) cf. gTj 

The isotropy order of / (or F) is the maximum r such that / _L (i — 1,2,..., r), or 

equivalently (cf. Lemma 3.1]), such that any r+1 consecutive Gauss bundles G^'(f) are zero or 
orthogonal (this condition is called (r + 1) -orthogonality in, for example, [2]). The isotropy order of 
a harmonic map into S n or RP n is always odd, indeed, if it is at least 2s, then (G (s) (f) 7 G (s) (/)) = 
0. Applying A% shows that the Gauss bundles G^(f) i = — s, . . . , s + 1 are orthogonal so that 
the isotropy order is at least 2s + 1. The map / is called superminimal (or (real) isotropic, or 
pseudoholomorphic [13] if it has infinite isotropy order, i.e., G^ l \f) _L G^'(f) for all i,j € Z. This 
happens as soon as the isotropy order is at least n. 

A map M — > S e is called almost complex if it is (almost-)holomorphic with respect to J, i.e., its 
differential intertwines the complex structure on M with J. Such maps are weakly conformal and 
harmonic, see, for example, [T]. Note that, for maps into CP™ -1 = Gi(C"), the notions of strong 
and weak conformality coincide; in particular almost complex maps M — > S e are nilconformal. 

The next result follows from work of [1] and [2] . We sketch a proof as we shall need some details 
from it. We use diagrams in the sense of [8]. 

Proposition 5.2. Let F : M S* 6 be a non-constant almost complex map. Write f — span{P}. 
Then either 

(i) F is a weakly conformal map into a totally geodesic S 2 = TL 3 nS 6 where TL 3 is an associative 
3- dimensional subspace of M 7 , or 

(ii) there is a Gi-flag 

ijj = (^-3,^-2,^-1,^0,^2,^3) : M -> G 2 /(U(1) x U(l)) 

with ipi — G«(/) (i — —2,..., 2) and we have the following diagram showing the only 
possible non-zero second fundamental forms A'^, , : 




Proof. Define P iteratively by P = P, P = ^ (l _ 1)(/) (P_i), and F- t = P* (i = 1,2,...), so 

that the Fi are sections of G^ l \f). Since P is non-constant, the sections P±i are not identically 
zero, however, Fi may be zero when |i| is sufficiently large. Since P is weakly conformal, it has 
isotropy order at least 3 (recall the isotropy order is always odd), so that {P-i, P, Pi} are mutually 
orthogonal. Since P is almost complex, we have 

(5.4) F X Pi = iPi . 
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(i) Suppose that F2 is identically zero. Then II 3 = span{F_i, F, F\} is a constant 3-dimensional 
subspace. By (|5 ,4[) and Lemma 12.11 it is associative, so that F : M — > S 6 is a weakly conformal 
map into the totally geodesic S 2 given by S 2 — U 3 n S 6 . 

(ii) Suppose instead that F2 is not identically zero. Then differentiating (|5.4|) gives 

(5.5) F x F 2 = 1F2 . 

From (15. 4p and (|5.5|l . Fi and F 2 both lie in the isotropic subspace T F '°S 6 ; it follows that F has 
isotropy order at least 5. 

Set * l = Fi (i = -2, . . . , 2) and set 

(5.6) * 3 = *i x ^2 , *_ 3 = *3. 

By Lemma \5. 11 \&3 is a non-zero element of T^S" 6 so that *_ 3 is a non-zero element of Tp°S 6 . 
From (15. 6|) , ^-3 is orthogonal to ^1 and Vf^. Set -0i = spanj^,} (i = —3, ... ,3) and ipi = for 
|i| > 3. Then the bundles ipi are mutually orthogonal, Tp°S e — ipi © 02 © i>-a and T^S" 6 = 

■0-1 © V-2 © ^3- 

We show that (0j) is a G2-flag, i.e., ipi x ^ = 0j+j € Z). Indeed, $1 X = ^3 implies 
that x * 3 =*iX (*i x \J/ 2 ) = 0. Similarly * 2 x ^ 3 = 0. Hence, setting I = 3 , and 
D = -03 © V2 , the are the legs of the standard G2-flag (|4.1ip (s = 3). 

Remark 5.3. In [2j page 147] there is a precise multiplication table for the ^i. 



We show that we get the diagram (|5.3[) . First ip-2 —>•••—» "02 is part of the harmonic- 
sequence of / so there are no other second fundamental forms between these elements. Next 
\rnAL = G'(G^(f)) = G^(f). Since / has isotropy order at least 5, this is orthogonal to 
i>-2 © • • • © ifo, hence ImA'^ g © 3 ; taking the conjugate, Im A'^_ 2 e 0_3 © 03- By Lemma 
I4.1f iii). A'^ 3 _^, 3 =0. It follows that the only possible non-zero second fundamental forms are 
those shown in (15.31). □ 



Remark 5.4. In pQ, almost complex maps F : M — > S 6 are classified into four types as follows: 
(I) full superminimal harmonic maps into S 6 , (II) F full non-superminimal harmonic maps into S 6 , 
(III) F full non-superminimal harmonic maps into a totally geodesic S" 5 , (IV) weakly conformal 
maps into S 2 — n 3 n S 6 for some associative 3-dimensional subspace n 3 . 
For a Type I map, diagram (|5.3[) reduces to the harmonic sequence: 

(5.7) G^(f) -+ G^ 2 \f) -+ G^Xf) -j. / -j. G (1) (/) G (2) (/) -+ G< 3 )(/), 

see also §5.41 For a Type II map, all the second fundamental forms in diagram (|5.3j) are non-zero. 
For a Type III map, the harmonic sequence of / lies in a 6-dimensional subspace of MJ and is 
periodic of period 6. 

5.3. Building harmonic maps into G2/SO(4). We give a way of building harmonic maps into 
G2/SO(4) from almost complex maps into S 6 . We need the following Reduction Theorem. 

Theorem 5.5. (a) [5J Theorem 4.1] Let f be a harmonic map from a surface to a complex 
Grassmannian, and let a be (i) a holomorphic line subbundle of ker A', ± , or (ii) an antiholomorphic 
line subbundle of ker Aj ± , then f © a is also harmonic. 
(b) / © a is nilconformal if and only if f is. 

Proof, (a) This is another example (cf. £14. ip of adding a uniton (27] , or see [8]. 

(b) It is easily checked that both (Af ) 2fe+1 (^- L ) = (A{) 2k+1 {f^) for any k £ N. The result 
follows. □ 

Proposition 5.6. Let F : M S e be almost complex and let a be a holomorphic line subbundle 
ofF^T^S 6 . Set 

(5.8) ip = a © span{F} © a. 
Then ip is a nilconformal harmonic map from M to G2/SO(4). 
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Proof. Let L be a nowhere zero (local) section of a. By Lemma [5.11 L x L/\L\ 2 = iF, then by 
Lemma T2.ll tp is associative. From the proof of Proposition 15. 2[ i^-ij 11 ^ ^ 6 = -0_ 3 Q) ip 1 Q> ip 2 C 
(i/j-i ®ipa) 1 ' C ksiA'jx- Thus a c ker and by Theorem 1 5 . 5 1 part (i), ^=/(Daisa harmonic 
map into a Grassmannian. 

Now a lies in kerA^; further, by Lemma l4~lT iiiL A'-L a = 0. Hence a lies in keiA'i ± . Hence, 
we may apply Theorem 15.51 part (ii) to see that tp = tp © a is harmonic. □ 

Remark 5.7. Since ip is obtained from / by adding a couple of unitons, the harmonic map (|5.8|) 
is of finite uniton number if and only the almost complex map F : M — > S 6 is of finite uniton 
number. 

Example 5.8. Suppose that F is constant. Then F' 1 T 1 '°S 6 = M x Tp°S 6 is a constant max- 
imally isotropic subbundle of / x ® C = C 6 . Choose an identification of the vector space Tp°S 6 
with C 3 . Then, given a non-constant holomorphic map a : M — > CP 2 , we get a corresponding 
line subbundle a of F~ 1 T 1 '°S 6 , and Proposition 15.61 gives a harmonic map y> : M — > C?2/SO(4). 

In fact, it can be checked that (a) tp and tp 1 - are strongly conformal, (b) rankG'(</>) = 1, 
and (c) G'(tp ± ) x G'^p^) is a constant subbundle (namely /). The construction gives a one-to- 
one correspondence between pairs (F, a) as above and harmonic maps tp satisfying these three 
properties. 

In the case that F is non-constant, by setting a = G'(f) we obtain harmonic maps into 
G2/SO(4) which complement those of Example 15.81 as follows. Recall that a map p into a Grass- 
mannian is strongly conformal if and only if s((p) = 1. 

Theorem 5.9. There is a one-to-one correspondence between 

(1) almost complex maps F : M S 6 with image not contained in a totally geodesic S 2 , and 

(2) strongly conformal harmonic maps p : M — > G2/SO(4) with (a) p 1 - strongly conformal, 
(b) rankG'((/3) = 1 and (c) G'(ip ) x G"{pi^) a non-constant subbundle, 

given by 

(5.9) F^p = G"{f)®f®G'{f) with inverse ip h-> F = i~L x L/\L\ 2 , 

where / = spanjF} and L is any nowhere zero (local) section ofG'((p ). 

Proof, (i) Let F be as in (1). Since / = span{_F} is non-constant, G 1 - -1 ^/), / and G^'(f) are 
non-zero and mutually orthogonal. Since / is almost complex, by Lemma [2TT1 tp = G^ 1 ' (/) ffi / © 
G^(f) is a map into G 2 /SO(4). We have case (ii) of Proposition [5^1 and we use the notation of 
that proposition writing ipi = G^ l \f) < 2). we have G'(<p) = G^ 2 \f) = ip2 which is non-zero 
and isotropic, so that tp is non-constant and strongly conformal with rankG'^) = 1. In fact, 
combining subbundles in (|5.3j) . we obtain the diagram 



(5.10) ^_ 3 eV-2 > ip-i © Vo © it >ih®ifa 

which shows that tp has the twistor lift (W, p, W) : M — > T\ where W — ip 2 © ipa- Further, 
G^tp 1 -) — ip_i is isotropic, so that tp 1 - is strongly conformal; also G' (tp^) x G" (tp 1 -) = X i>\ = f, 
which is non-constant so condition (2)(c) holds 

(ii) Conversely, let tp be as in (2) and set a — G"(tp ). Since tp is strongly conformal, this is 
isotropic; also, by Lemma l4~lT iL rank a — rankj4"j_ = rank A' v — 1. For any nowhere zero (local) 
section L of a, set F = \L x L/\L\ 2 — note that this is well defined under different choices of L 
— and set / = span{_F}. By condition (2)(c), / is non-constant. Further, we have an orthogonal 
decomposition: p — a © / © a. 

Now / is orthogonal to lmA" ± , so is contained in ker A' ; hence, G'(/) C tp. But a = ImA' ± 
is a holomorphic subbundle of tp, so that A^j = 0; it follows that G'(/) C a. Since / is non- 
constant, G'(/) = a, so we have the decomposition tp — G"(f) © / © G'(/) . Further, by Lemma 
12.11 F x L = \L showing that F is almost complex. 
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It is easily checked that the two transformations in (|5 .9[) are inverse. □ 

The above constructions give strongly conformal harmonic maps into C?2/SO(4) with Gauss 
bundles of rank 1. To get ones with Gauss bundle of rank 2, we adopt a different sort of construc- 
tion, as follows. 

Proposition 5.10. Let F : M S 6 be an almost complex map with image not contained in a 
totally geodesic S 2 . Set ip 3 = G^> (f)xG^ '(f) andip- 3 = : ip 3 ~. Then Lp = *p_ 3 ® f ®ip 3 is a strongly 
conformal harmonic map M — > G2/SO(4) with rank G'(tp) = 2. 

Proof. Let (ipj be_the G 2 -flag fE3|) generated by /, i.e., Vi = G®(f) (i = -2,..., 2), 3 = 
"01 x 02, i>-3 — ips- Then setting ip — 0_ 3 © ip © 3 and W = ipi © 0_ 2 ; by Lemma ISTTt i). 
if is associative, W is complex-coassociative, and f has J2-holomorphic lift (14 7 , if, W). Further 
G'(f) = G'(ip ) + G'(tp- 3 ) = W has rank 2. □ 

We remark that harmonicity of if also follows from an extension of Proposition 15.61 

Example 5.11. Let V\ G £ ai , V2 & £a 1 +a 2 have norm 1/V2 and set ^3 = v\ x vi ■ Then v 3 also 
has norm l/y/2 and lies in £-2 ai -a 2 > anc i we see that v p x v q = e pqr v r and v p x v q — (i/2)5 pq L 
where Lo € £q has norm one. As in [U p. 420], define a map / : C — > S 6 by 

1 3 

(5.11) /(*) = —Y^^'-^'vi + e-^+^%) 

Vd 3=1 

where the fij are the three cube roots of unity. Then / is doubly periodic of periods n and iir/VS 
so factors to the torus T 2 = C/(tt, in/y/S). Further, it is an almost complex map of type (III) into 
the S 5 orthogonal to Lo. By [21 Corollary 6.4], this map is of finite type, by [HI Theorem 8] it 
follows that it is not of finite uniton number. 

Applying any of the constructions above to / gives nilconformal harmonic maps if : T 2 — > 
C?2/SO(4). Since / is not of finite uniton number, by Remark 15.71 the maps ip are not of finite 
uniton number either. 

5.4. Superminimal harmonic maps. Recall the diagram (I2.5p . We define the projection ttq : 
Q 5 — > S 6 by ttq(£) = iL x L/\L\ 2 for any nowhere zero section L of £. The following definition is 
given by R. L. Bryant [4]. 

Definition 5.12. A full holomorphic map h : M — > Q 5 is called superhorizontal if it satisfies 
h x G'(h) = 0, equivalently, any holomorphic section H of h satisfies H X H' = 0. 

Setting ipi — G^ 3+ ^(h), we have a map : M — > F 2 = Ff 3 defined by (ip-2, V'-i, "00, 01, ^2) = 
(^_3,-0_2 © ip-i,ipo,ip\ © 02, 0a)- Differentiating ft x G'(/i) = gives ft x G^(ft) = 0; it fol- 
lows that a full holomorphic map ft : M — ¥ Q° is superhorizontal if and only if ip coincides 
with the unique G 2 -/fti<? (|4.10[) (s= 2) with £ = ft. Thus, under the identification of Q 5 with 
72, a superhorizontal holomorphic map (Definition 15.121) ft : M — > Q 5 corresponds to a super- 
horizontal holomorphic map (Definition 14. 13[) : M — > T2 ■ Note that the harmonic sequence 
= (0-3, 0-2, 0-i, 0o, 0i, 02, 1P3) defines another superhorizontal map, this time into 75. 

Let F : M — > S 6 be an almost complex map of type (I) (i.e., full and superminimal). Then its 
harmonic sequence (|5.7I) is a G 2 -flag, in particular, G^ (/) x G^ 2) (/) = 0. It follows that the 
first leg ft = G^ -3 ^/) of this flag is full, holomorphic, superhorizontal map into Q 5 . We are led 
to the following result of Bryant [1] as described in [3] . 

Theorem 5.13. There is a one-to-one correspondence between 

(1) linearly full superhorizontal holomorphic maps ft : M — > Q 5 , and 

(2) almost complex maps F : M — > S e of type (L), 

given by F = i(H x H)/\H\ 2 , where H is any (local) section of h, with inverse 
ft = G(~ 3 )(/) where f = span{F}. 
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Note that / = G^(h). For examples of full holomorphic superhorizontal maps h : S 2 — > Q 5 
given by simple polynomial formulae, see [15l [20] . We can obtain harmonic maps into G2/SO(4) 
from such h as follows. 

Theorem 5.14. Let h : M — > Q 5 be a linearly full superhorizontal holomorphic map and let F be 
the corresponding almost complex map. Then ^ = G<-*> (/) 8 / © G« (/) is a harmonic map into 
G2/SO(4) for i = l,2, 3. Further, ip is strongly conformal {i.e. s((p) = 1) for i = 1,3 but s(ip) = 3 
for i = 2 . 

Proof. For i = 1, this is implied by Theorem 15.91 

For i = 2, (p = 7T3 o ip where ip — (ips, ■ ■ . , 1P3) : M — > T% is the harmonic sequence of h. Since 
this is certainly 3 2 -holomorphic, (p is harmonic. 

For i = 3, this is as a special case of Proposition l5.10l □ 

Remark 5.15. When i = 3, <p has the J2-holomorphic lift (ip-i ffl 1P2, <P, 4>i © i } -2) into 71 as in 
Proposition ^. 10) it also has the superhorizontal lift (^-3, "0-2 © ip-i,ipo, ipi © ^2,^3) into 72- 

The above construction doesn't give harmonic maps with s(</?) = 2. For these we need to use 
Theorem 15.61 with a careful choice of a as follows. 

Example 5.16. Let h : M — > Q 5 be a linearly full superhorizontal holomorphic map and let F be 
the corresponding almost complex map. Set / = spanji 71 } and let a be a holomorphic sub-bundle 
of f 1 - which lies in h@ G {i \h) = G^(f) © G«(/) but is not equal to either h or G^(h). Then 
the harmonic map defined by (|5.8I) has s((p) = 2. 

To see this, we may check that [Af ) 4 ^) = 0. Also (A^) 2 (p) ^ 0, equivalently G'(ip) is not 
isotropic: indeed, it contains G'(a) which has non-zero components in both G^~ 2 \f) and G^ 2 \f) 
and so cannot be isotropic. 

In conclusion, we can find examples of harmonic maps from surfaces to G2/SO(4) with twistor 
lifts into any of its three twistor spaces. If we start with the explicit polynomial formulae of {15, 20 
alluded to above, we can obtain such examples with components defined by polynomials 
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